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Abstract 

We study the wave equation for a minimally coupled massive scalar in three- 
dimensional de Sitter space. We compute the absorption cross section to 
investigate its cosmological horizon in the southern diamond. Although the 
absorption cross section is not defined exactly we can be determined it from 
the fact that the low-energy s(J = 0)-wave absorption cross section for a 
massless scalar is given by the area of the cosmological horizon. On the other 
hand, the low-temperature limit of j 7^ 0-mode absorption cross section is use- 
ful for extracting information surrounding the cosmological horizon. Finally 
we mention a computation of the absorption cross section on the CFT-side 
using the dS/CFT correspondence. 
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I. INTRODUCTION 



Recently an accelerating universe has proposed to be a way to interpret the astronomical 
data of supernova [1-3]. The inflation is employed to solve the cosmological flatness and 
horizon puzzles arisen in the standard cosmology. Combining this observation with the need 
of inflation leads to that our universe approaches de Sitter geometries in both the infinite past 
and the infinite future [4-6]. Hence it is very important to study the nature of de Sitter (dS) 
space and the dS/CFT correspondence [7,8]. However, there exist difficulties in studying 
de Sitter space. First there is no spatial infinity and global timelike Killing vector. Thus 
it is not easy to define conserved quantities including mass, charge and angular momentum 
appeared in asymptotically de Sitter space. Second the dS solution is absent from string 
theories and thus we do not have a definite example to test the dS/CFT correspondence. 
Finally it is hard to define the S'-matrix because of the presence of the cosmological horizon. 

We remind the reader that the cosmological horizon is very similar to the event horizon in 
the sense that one can define its thermodynamic quantities using the same way as was done 
for the black hole. Two important quantities in the black hole physics are the Bekenstein- 
Hawking entropy and the absorption cross section (=greybody factor). The former relates 
to the intrinsic property of the black hole itself, while the latter relates to the effect of 
spacetime curvature. Explicitly the greybody factor for the black hole arises as a consequence 
of scattering off the gravitational potential surrounding the horizon [9]. For example, the 
low-energy s-wave greybody factor for a massless scalar has a universality such that it is 
equal to the area of the horizon for all spherically symmetric black holes [10]. In this work 
we assume that this universality is valid for the cosmological horizon. The entropy for the 
cosmological horizon was discussed in literature [11]. However, as far as we know, there is 
no any explicit computation of the greybody factor for the cosmological horizon 1 . 

In this paper we compute the absorption cross section of a massive scalar in the back- 
ground of three-dimensional de Sitter space. For this purpose we first analyze the wave 
equation only in the southern diamond where the time evolution of waves is properly de- 
fined. We wish to calculate the outgoing flux near r = 0. And then we compute the outgoing 
flux by using the matching region of overlapping validity near the cosmological horizon of 
r c — 1. Here we follow the conventional approach for a computation of the greybody factor 
of the black hole. 

The organization of this paper is as follows. In section II we briefly review the wave 
equation in de Sitter space. We perform a potential analysis to study the asymptotic region 
by introducing a tortoise coordinate r* in section III. In section IV we calculate the flux at 
r = 0, 1 to obtain the greybody factor. Finally we discuss our results in section VI. 



1 Recently a similar work for four-dimensional Schwarzschild-de Sitter black hole appeared in [12]. 
But it considered mainly the black hole temperature. Also the absorption rate for the Kerr-de 
Sitter black hole was discussed in [13]. 
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II. WAVE EQUATION IN DE SITTER SPACE 



We start with the wave equation for a massive scalar 

(V 2 -m 2 )$ = (1) 
in the background of three-dimensional de Sitter space expressed in the static coordinates 

d^ = -(l-^+(l-^)"V + r 2 d^. (2) 

Here i is the curvature radius of de Sitter space and hereafter we set i = 1 for simplicity 
unless otherwise stated. The above metric is singular at the cosmological horizon, which 
divides space into four regions. There are two regions with < r < 1 which correspond to 
the causal diamonds of observers at the north and south poles : northern diamond (ND) 
and southern diamond (SD). Two regions with 1 < r < oo containing the future-null infinity 
X + and past-null infinity Z~ are called future triangle (FT) and past triangle (PT). On X ± 
the metric (2) is conformal to the cylinder. A timelike Killing vector is future-directed 
only in the southern diamond. To obtain the greybody factor, we have to get a definite 
wave propagation as time evolves. Hence in this work we confine ourselves to the southern 
diamond. This means that our working space is compact, in contrast to the case of the black 
hole. This will give rise to an ambiguity to derive an exact form of the greybody factor. 

In connection with the dS/CFT correspondence, one may classify the mass-squared m 2 
into three cases [8] : m 2 > 1, < m 2 < 1, m 2 = 0. For a massive scalar with m 2 > 1, 
one has a non-unitary CFT 2 . A scalar with mass < m 2 < 1 can be related to a unitary 
CFT. A massless scalar with m 2 = is special and it would be treated separately. For our 
purpose we consider m 2 as a parameter at the beginning. Assuming a mode solution 

$(r,t,0) = /(r)e— V^, (3) 

Eq.(l) leads to the differential equation for r [15] 

(1 - r 2 )f (r) + (I - 3r)/'(r) + (-^ - £ - m 2 )f(r) = 0, (4) 
where the prime (') denotes the differentiation with respect to its argument. 

III. POTENTIAL ANALYSIS 

We observe from Eq.(4) that it is not easy to understand how scalar waves propagate in 
the southern diamond. In order to do that, we must transform the wave equation into the 
Schrodinger-like equation using a tortoise coordinate r* [14]. Then we can get wave forms in 



2 Although this belongs to one of examples of non-unitary theories that are dual to well-behaved 
stable bulk theory, but the connection between the bulk theory and its non-unitary boundary 
theory is not understood clearly up to now. 
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asymptotic regions of r* — > ±00 through a potential analysis. We introduce r* = g(r) with 
g'(r) = l/r(l — r 2 ) to transform Eq.(4) into the Schrodinger-like equation with the energy 
E = uj 2 



d 2 



dr* 2 



f + V(r)f = Ef 



with a potential 



V(r) 



u 2 + r 2 (l 



r 2 ) 



2 1 J 
m + -2 



a; 



(5) 



(6) 



Considering r* = g(r) = / g'(r)dr, one finds 



lnr — - ln(l — r 2 ), 



J2r* 



n 2r* 



1 _ r 2 



1 + e 



2r" 



Here we confirm that r* is a tortoise coordinate such that r* — > — 00 (r 
r* — > 00 (r — > 1). Let us express the potential as a function of r* 



v(r*) 



c 2 + 



2r* 



(l + e 2r *y 



2 1 + e : 



2r* 



(7) 

0), whereas 
(8) 



For m 2 — l,j — 0, u — 0.1, the shape of this takes a potential barrier located at r* = 0. 
On the other hand, for all non-zero j, one finds the potential step (->) with its height u 2 + j 2 
on the left-hand side of r* = 0. All potentials decrease exponentially to zero as r* increases 
on the right-hand side. From the quantum mechanics we always have a well-defined wave 
near the cosmological horizon of r* = 00. But near the coordinate origin of r* = —00 (r = 0) 
it is not easy to develop a genuine traveling wave. 
Near r = (r* = —00) one finds the equation 



d 2 



f(-oo) - ff(-oo) = 0. 



dr* 2 



This gives us a solution 



/ ( _ 00) (r*)=i4e» >, +Se-^ 
which is equivalently rewritten by making use of Eq.(7) as 



fr=o(r) 



Ar ] + -. 



(9) 



(10) 



(11) 



The first term corresponds to a normalizable mode at r = (r* = —00), while the second is a 
non-normalizable, singular mode. As one discards the second term in Eq.(ll) for calculating 
the Bogoliubov transformation [15], the first term is needed for our purpose. Hence we set 
B — 0. Also we observe that angular momentum modes play the important role in the 
computation of the flux. 

On the other hand, near the cosmological horizon r c = l(r* = 00) one obtains a differ- 
ential equation 
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This has a solution 



(12) 



f^r*) = Ce'^* + De iojr * (13) 

which is equivalently rewritten as 

f r=1 (r) = C(l - r 2 )^ + D(l - r 2 )"^. (14) 

The first wave (second wave) in Eq.(13) together with e~ tu)t implies the ingoing (outgoing) 
waves across the cosmological horizon. In order to obtain a connection between A and C, D, 
let us consider the case of j 2 > m 2 with V ~ Vq = uj 2 + j 2 for — oo < r* < and V ~ for 
< r* < oo with the energy E = oo 2 < V . Also it corresponds to the problem for a potential 
step Vq with < E < Vq in the quantum mechanics. Requiring the conservation of flux at 
r* = leads to the asymptotic relations : C ~ (j — iu)A/{— 2iou), D & (j + iuu) A / (2ioj) . 
Although the flux on the left hand side of r* = is zero due to the real function of Eq.(lO), 
the flux of the right hand side is not zero because of the traveling wave nature of Eq.(13). 

Up to now we obtain asymptotic forms of a scalar wave which propagates in the southern 
diamond of de Sitter space. In order to calculate the absorption cross section, we need to 
know an explicit form of wave propagation in < r < 1. This can be achieved only when 
solving the differential equation (4) explicitly. 



IV. FLUX CALCULATION 

In order to solve equation (4), we first transform it into a hypergeometric equation using 
z = r 2 . Here the working space still remains unchanged as < z < 1 covering the southern 
diamond. This equation takes a form 

z(l - z)f(z) + (1 - 2z)f(z) + \{^- m 2 )f{z) = 0. (15) 

Here one finds two poles at z = 0, l(r = 0,1) and so makes a further transformation to 
cancel these by choosing 

f(z)=z a (l-zfw(z), a± = ±|, At = ±i|. (16) 
First we choose the case of a + and f3 + . Then we obtain a hypergeometric equation 

z(l - z)w"(z) + [c - (a + b + l)z]w'(z) - ab w(z) = (17) 
where a, b and c are given by 

a = h < j + wj + h + ), b = ^(j + iu; + h_), c=l+j (18) 

with 
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h+ = l + Vl -m 2 ( = 1 + Wm 2 - l), h- = 1 - VI -m 2 ( = 1 - Wm 2 - l). (19) 

Considering j = integer, one regular solution near z = to Eq.(15) is given by [16] 

f + (z)=Az^ 2 (l-z)^ 2 F(a,b,c;z) (20) 

with an unknown constant A. Also there is the other solution with a logarithmic singularity 
at z = as = Az^ 2 (l — z) tu / 2 [F(a ) b, c; z) \nz + • • •]. However, both solutions have 

vanishing flux at z — 0, because the relevant part (z^ 2 ) is not complex but real. 
Concerning the case of a_ and (5 + (c — 1 — j), one has one regular solution 

= Ez^ 2 (l - z)^ 2 F(a + j,b + j, 1 + j; z) (21) 

and the other singular solution is given by f-(z) = E z^ I 2 {\— z) %w l 2 \F {a+ j ^ b+j, z) lnz+ 
• • •]. These have essentially the same behaviour at z = as in the case of a + (c = 1 + j). 
Now we are in a position to calculate an outgoing flux at z = which is defined as 

2n 

T{z = 0) = 2—ifzdJ - fzd z f*}\ z=0 . (22) 

For any kind of real functions near z = including f± and f±, the outgoing/ingoing flux is 
given by 

Faut/in(z = 0) = 0. (23) 

Hence we choose a regular solution of Eq.(20) for further calculation. To obtain a flux at the 
horizon of z — l(r = 1), we first have to use a formula : F(a, b, c; z) = f[~~~jf7~M -^( Q ; a + 
& - c + 1 ; 1 - z) + n f^(b) C) ( 1 ~ z ) c ~ a ' b F(c- a,c-b,-a-b+c+l;l-z). Using 1-2 ~ e~ 2r * 
near z — 1, one finds from Eq.(20) the following form: 

= / in + f out = Hvje-*"' + H^e™' (24) 

where 

h — An n r(i+j)rM2*" 

UJ " ^ WJ " T[(j + iu + h + )/2)]T[(j +iu; + h_)/2)\ ■ [Zb) 

Then we match Eq.(13) with Eq.(24) to yield C = H^j and D = H_u,j near the cosmological 
horizon. Finally we calculate its outgoing flux at z — l(r* = oo) as 

2n 

Fout(z = 1) = —[fouA* fout - foutdr* fo ut ]\r* =00 = 4tTCjA 2 | | 2 . (26) 

If one uses Eq.(21) instead of Eq.(20), its outgoing wave near z — 1 is given by Ba-^je' 1 ^' 1 "* . 
This is the same flux as in Eq.(26) except of replacing A by B. 



6 



V. ABSORPTION CROSS SECTION 



An absorption coefficient by the cosmological horizon is defined formally by 

_ Fputjz = 1) 

However, we have zero- normalization of T ut{z = 0) = for de Sitter wave propagation. In 
this case one cannot define the absorption cross section. Instead we propose an unknown 
normalization T ou t{z = 0) = F, where F will be determined by referring the absorption 
cross section for the low-energy s(j = 0)-wave. Up to now we do not insert the curvature 
radius £ of dS3 space. The correct absorption coefficient can be recovered when replacing 
uj{m) with co£(m£). Then the absorption cross section in three dimensions is defined by 



where 





A 

&abs — — 
LO 


MA 2 , 
~ [ p i 


\a-uj£,j\ 2 


|2 _ 




|r(i + j)l 2 


\T(iuj£)\ 2 



(28) 



\T[(J + M + h + )/2)}\*\r[(j + iu£ + h_)/2}\ 2 ■ (29) 

We calculate the low-energy s(j = 0)-wave cross section for a massless scalar to determine 
F [10]. This is given by 

<Sf <<X = -4 - ^ (3°) 

with the area of the cosmological horizon A c h = 2n£. Hence the unknown flux T{z = 0) 
is determined as F = A 2 /2. We wish to classify the absorption cross section according to 
values of m£. 



A. m£ = case 



This case corresponds to the absorption cross section of a massless scalar. Using 
2, h_ = 0, one finds 



m£=0 
abs 



8n£ 



oj£ sinh[7ra;£] 



x 



|r(l + j/2 + icu£/2) \ 2 \T(j/2 + iu£/2) \ 2 ' 



(31) 



For j — 1, this takes the form 



16A 



ch 



abs ' j=1 TTu£smh[7Tcu£} 
( cosh 



\7lLO 



;i + M)2) 



(32) 
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In order to get a definite expression for the absorption cross section, let us consider the 
low-energy scattering with small E = (w£) 2 << 1 (for example, u£ = 0.1). Introducing 
the temperature of the cosmological horizon T ch = this limit implies u « 2T ch . On 
the other hand there exist the low-temperature limit of ojI » \{u » 2T ch ) 3 . In the 
low-energy limit of cu£ « 1, j — 1-mode reduces to 



ml=0,ul«\ _ 16 A c h /„q\ 



On the other hand, its low-temperature limit is given by 

me=0,u>i»l _ 8 A c h /o.n 
a absJ=l - -/. 



For j = 2, this leads to 



(4 + (c^) 2 )(7rcj£/2) 2 
In the low-energy limit of luI « 1, this reduces to 



(sinh[7R^/2]^ 



[UJ. , 

But its low-temperature limit is 

me=o,u>e»i 128 A c h 



m£=0,Lue«l _ 

cr ab S ,j=2 - / ,n 2 • W 



m<;=u,^>>i w » 'era ('Q7"\ 



B. < m£ < 1 

In this case there is no further expression for the absorption cross section because of the 
real values of h± — 1 ± Jl — (ml) 2 . 



3 In the study of the cosmological horizon, this high frequency approximation is very useful for 
obtaining the absorption cross section [17]. Considering to = 2ttv ~ 1/A, this approximation implies 
A << £, which means that the size of the cosmological horizon is very bigger than the wavelength 
of a test scalar. Hence the scattering of a scalar off the cosmological horizon is well-defined in the 
low-temperature limit (that is, high frequency approximation). 
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C. mi = 1 case 



Here we have the absorption cross section 

(j!) 2 7T 



a 



jmt=\ 
abs 



uji sinh[7ra;£] 
1 



x- 



(|r[( J + i + ^)/2]|2) 

In the low-energy limit of ui « 1, the cross section for j — 1 reduces to 



m£=l,v£«l 
abs,j=l 



ch 



(cui) 2 ' 



while its low-temperature limit is 



2 A 



ch 



The low-energy cross section for j = 2 is given by 



mb 



_ 256 A, 



ch 



abS ' J=2 7T 2 (uji) 2 ' 

But the low-temperature cross section leads to 

_mt=l,ul»l _ 128 A c h 



'abs,j=2 



7T (uif 



(38) 



(39) 



(40) 



(41) 



(42) 



D. mi > 1 



In this case we have to use another expression of h± — 1 ± iy (mi) 2 — 1. For even j, one 
finds the absorption cross section 



ml>\ 
abs,j=even 



8ni 



(j!) 2 cosh[7n/i/2] cosh[7n/ 2 /2] 
nujismhlnuji} 



x 



\(j - l)/2 + ^/2| 2 • • • 1 1/2 + is/i/2|2|(j - l)/2 + ^ 2 /2| 2 • • • 1 1/2 + ij/ 2 /2p 



(43) 



with ?/! = c<j£ + yj (mi) 2 — 1 and y 2 = ui — ^ (mi) 2 — 1. For odd j, one has 
(j!) 2 sinh[7ryi/2] sinh[7n/ 2 /2] 

1 



m£>l 
abs,j=odd 



8ni 



nuji(y 1 /2)(y 2 /2) sinhhiW] 



x 



\(j - l)/2 + i2/i/2| 2 • • • |1 + i yi /2\ 2 \(j - l)/2 + n/ 2 /2| 2 • • • |1 + W2| 2 " 



(44) 
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VI. DISCUSSION 



We calculate the absorption cross section of a minimally coupled scalar which propagates 
in the southern diamond of three-dimensional de Sitter space. We expect that higher- 
dimensional cases have similar behaviors because their wave equation takes the nearly same 
form as in the three-dimensional case in Eq.(4). 

One of the striking results is that the low-energy s(j = 0)-wave absorption of a massless 
scalar is not defined exactly within our approach. This mainly depends on being unable to 
calculate its non-zero flux at r — 0(z — 0). However, using a massless scalar propagation 
in the symmetric black holes whose cross sections are the area of the event horizon of black 
hole [10], we calculate the low-energy s(j = 0)-wave absorption Eq.(30) of a massless scalar 
in the background of de Sitter horizon. 

On the other hand, j ^ 0-modes of a scalar wave play the important role in extracting 
information about the cosmological horizon compared to the black holes. We expect from 
the black hole analysis that the low-energy limit (ujR — > 0) of the / ^ 0-angular mode 
absorption cross section is proportional roughly to (ujR) ai Aibh for the 7D black holes which 
was derived from D3-branes [18]. For 5D black holes, it is proportional to (ur ) 21 A^bh [19]. 
However, one finds from Eqs.(33), (36), (39) and (41) that those for j ; ^ in the low-energy 
limit of ooi « 1 are given by l/(uoi) 2 which implies that the absorption cross section is 
greater than the area of the cosmological horizon. This is not the promising case that we 
want to get. From the potential analysis it conjectures that for j ^ 0, the low-energy 
absorption cross section with E = (u£) 2 << 1 is negligible because a potential step with its 
height Vo = j 2 + (uj£) 2 » E is present on the left hand side. Thus it seems that taking 
a low-energy limit of the de Sitter absorption cross section for j ^ 0-mode is meaningless 
because it is always greater than A c h- In order to obtain a finite absorption cross section, u£ 
should be large such as u£ » 1. Actually this corresponds to the low-temperature limit of 
uj » 2T c h- The low-temperature limit (that is, high frequency approximation) is meaningful 
in the study of de Sitter space since its cross section appears less than A c h- We find from 
Eqs.(34), (37), (40) and (42) that the absorption cross section decreases as j increases. This 
is consistent with the potential analysis which states that for given energy E = u 2 , the 
potential increases as j increases. As a result, the low-temperature limit of j ^ 0-mode 
absorption cross section will be used to extract information about the cosmological horizon. 

At this stage we wish to comment on the other approach of Suzuki and Takasugi in 
deriving the absorption cross section in de Sitter space [17]. Actually a definition of absorp- 
tion probability Eq.(16) in ref. [17] can be applicable for the non-zero spin field. Hence their 
approach may be problematic to a spin- zero scalar. However, an interesting fact that the ab- 
sorption cross section of the cosmological horizon can be well-defined in the low-temperature 
limit is checked by two approaches independently. 

Also we wish to mention the difference between the Bogoliubov coefficient and the grey- 
body factor. In calculating the Bogoliubov coefficient, we have to define two different vac- 
uums by introducing global [20] or Kruskal coordinates [15]. In calculating the Bogoli- 
ubov coefficients, one needs only a normalizable mode in Eq.(20). Instead the entire space 
(SD,ND,FT,PT) normalizable solutions are used for finding thermal state of the cosmologi- 
cal horizon by matching them across the the cosmological horizon. Then we find the thermal 
nature of the cosmological horizon clearly, for example, Planck (black body) spectrum with 
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temperature. In this case the fine effect of scattering is usually neglected [21]. 

However, de Sitter space gives us a potential surrounding the cosmological horizon and 
it gives rise to a scattering for a test scalar wave which propagates from r = to r = £. We 
need each non-zero flux at r = 0, 1 in the southern diamond to calculate the transmission 
(absorption) coefficient. But we have zero-flux at r = 0. Since the working space is compact 
and it includes the origin of coordinate (r = 0), it may be problematic to derive an exact 
form of the absorption cross section in this way. In this work, calculating the absorption 
cross section , we use only a normalizable mode Eq.(20) within the southern diamond (SD). 
Hence we do not have enough information to determine the absorption cross section in the 
bulk spacetime approach. Fortunately, using the universality for s-wave cross section in the 
black hole background, we could determine the absorption cross section. This also happens 
in the study of the AdS-black holes [22]. 

Finally we wish to mention that the bulk absorption cross section can be also calculated 
from the two-point function of CFT defined on the boundary if one assumes the AdS / CFT 
correspondence to realize the holographic principle [23]. Hence we hope that our results 
for bulk dS space can be recovered from the CFT approach [8,24,25] by making use of the 
dS/CFT correspondence to realize the assumed dS holography. Also the dS complemen- 
tarity principle may help to remedy the undetermined normalization factor in Eq.(29) [26]. 
Consequently the exact form of the absorption cross section for the cosmological horizon 
will be found if one gets the CFT results. 
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